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General description

The problems, which are considered in the dissertation, have one of
the most important place in the investigation of the partial differential
equations.

In the dissertation it is investigated solvability and uniqueness of
boundary value problems for high-order partial differential equations in
both classical and non-classical setting on a hypersurface. In particular, it
is considered existence and unique\-ness of a solution of ordinary and
mixed boundary value problems for the “anisotropic” Lap\-lace-Beltrami
and bi-Laplace-Beltrami equations in the classical set\-ting in the Bessel
Potential le (C) space on a smooth C hypersurface with smooth
I' =0C boundary.

For the formulation of boundary value problems, we have used the
Gunter’s derivatives, which allows to write Laplace-Beltrami and bi-
Laplace-Beltrami operators in a simple form, respectively. It is proved the
invertibility of the perturbed “anisotropic” Lap\-lace-Beltrami operator

divg(AV )+ HI: Hsp(S) - Hsp_z(S) , where A(X) is an Nxn
bounded measurable positive definite matrix function, ‘H is smooth
function, has non-negative real part ReH(t)>0 for all t€S and
messuppReH # 0. The same results are obtained for the perturbed bi-
Laplace-Beltrami operator Aé +HI: H: (S) > Hs’f (S) . Here, S is
a hypersurface without boundary for arbitrary 1< p<oo and
—00 < S < 00. Moreover, the existence of the fundamental solution to the
operators diVs(AV) and Ai. are proved, which are understood at the
existence of inverses to these operators in the settings
H: ,(S) > H;;(S) and HS ,(S) > H ;(S), where HS ,(S) is

a subspace of the Bessel potential space and consists of functions with
mean value zero. The unique solvability of the BVP is proved, based upon
the Green formulae, Lemma about traces and Lax-Milgram Lemma. Using
the Gunter’s derivative, Green’s formulae were written simply for the bi-
Laplace-Beltrami operator on a hypersurface. Existence of the high order
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traces for the solution of the boundary value problems is proved by using
of the Lemma about traces by prof. R. Duduchava and the Green formula.

There are considered existence and uniqueness of the solution of
ordinary and mixed boundary value problems for the Laplace-Beltrami
and bi-Laplace-Beltrami equations in the non-classical setting in the

Bessel potential Hsp (C) and the Sobolev-Slobodeckii W; (C) spaces on

asmooth C hypersurface with smooth I' = 0C boundary and the mixed
boundary value problem for the Helmholtz equation in a planar angle

Q, c R? of magnitude o .

One of the problem we encounter in considering BVPs was the
existence of a fundamental solution for the Laplace-Beltrami and bi-
Laplace-Beltrami operators. Invertibility of those operators are proved in
the Bessel potential spaces without constants. The established invertibility
implies the existence of the fundamental solution, which can be used to
define the Newton and layer potentials and the potential methods,
respectively. For the investigation of the mixed Dirichlet-Neumann
boundary value problem for the Laplace-Beltrami equation we apply a
quasi-localization and obtain the model BVP for the Laplacian. The model
mixed BVP on the half plane is investigated by the potential method and
is reduced to an equivalent system of Mellin convolution equations in the
Sobolev-Slobodeckii space. Boundary integral equations are investigated
in both the Bessel potential and the Sobolev-Slobodeckii spaces. The
symbol of the obtained system is written explicitly and is responsible for
the solvability, Fredholm properties and the index of the system. An
explicit criterion for the unique solvability of the initial BVP in the non-
classical setting is derived as well. Analogously, for the investigation of the
boundary value problem for the bi-Laplace-Beltrami equation we apply a
quasi-localization and obtain the model BVP for the bi-Laplacian. The
model BVP on the half plane is investigated by the potential method and
is reduced to an equivalent system of Cauchy type integral equations in
the Bessel potential spaces.

The model mixed boundary value problem for the Helmholtz
equation is considered in the non-classical setting, where a solution is

sought in the Bessel potential spaces Hsp (Q,), s>1/p,l<p<w.
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The problem is investigated using the potential method by reducing them
to an equivalent boundary integral equation (BIE) in the Sobolev-

Slobodeckii space on a semi-infinite axes W;fl/ . (R"), which is of Mellin

convolution type. By applying the recent results on Mellin convolution
equations in the Bessel potential spaces obtained by V. Didenko & R.
Duduchava, explicit conditions of the unique solvability of this BIE in the

Sobolev-Slobodeckii W; (R™) and Bessel potential H; (R) spaces for

arbitrary I are found and used to write explicit conditions for the
Fredholm property and unique solvability of the initial model BVPs for
the Helmholtz equation in the above mentioned non-classical setting.

The thesis contains the following chapters:

1) Preliminaries;
2) Existence and uniqueness of the solution for the Laplace-Beltrami
and bi-Laplace-Beltrami equations with ordinary and mixed

boundary value problems on a hypersurface in the le (C) space;

3) Existence and uniqueness of the solution for the Laplace-Beltrami
and bi-Laplace-Beltrami equations with mixed boundary value

problems on a hypersurface in the Hsp (C) space;
4) Existence and uniqueness of the solution for the Helmholtz

equation in a planar angular domain €2, < R? of magnitude &

and it is used the following publications:

* R. Duduchava, M. Tsaava, T. Tsutsunava, ,Mixed Boundary Value
Problem on Hyper\-sur\-faces“, International Journal of Differential
Equations, 2014, 1-8.

* M. Tsaava, ,The boundary Value Problems for the Bi-Laplace-Beltrami
Equa\-tion“, Memoirs on Differential Equations and Mathematical
Physics, Vol: 77, 2019, 93-103.
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* R. Duducava, M. Tsaava, ,Mixed Boundary Value Problems for the
Laplace-Beltrami Equation“, Complex Variables and Elliptic Equations,
Vol: 63, 2018, 1468-1496.

M. Tsaava, ,Bi-Laplace-Beltrami Equation on a Hypersurface®,
Transactions of A. Razma\-dze Mathematical Institute, Vol: 173, (2019),
3, 147-157.

* R. Duduchava, M. Tsaava, ,Mixed Boundary Value Problems for the
Helmholtz Equation in a Model 2D angular Domain“, Georgian
Mathematical Journal, Vol: 27, 2, 2020, 211-231.

+ T. Buchukuri, R. Duduchava, D. Kapanadze, M. Tsaava, ,Localization of
a Helmholtz boun-da-ry value problem in a domain with piecewise-
smooth boundary®, Proceedings of A. Razmadze Mathematical institute,
Vol: 162, 37-44, 2013.

Novelty and uniqueness of the research

Many problems in the Mathematical Physics, such as cracks in an
elastic media, scattering of electromagnetic waves by surfaces with the
non-smooth boundary etc. lead us to boundary value problems (BVPs) for
elliptic partial differential equations in domains and hypersurfaces with
angular points on the boundary (so called domains and hypersurfaces with
the Lipschitz boundary). By applying the localization, the problems are
reduced to an equivalent model problem in plane angles, domain between
two rays emerging from the origin and having non-zero angle between
them. The model BVPs are investigated using the potential method by
reducing them to an equivalent boundary integral equation which is of
Mellin convolution type with meromorphic kernel. Received equations
are investigated thoroughly and allow us do draw conclusions about
solutions to the initial boundary value problem and their properties.

The problems solved in the present dissertation are of big importance
for Mathematical Physics. The tools we apply for the study have been
designed in a great deal during the last decade by professors Duduchava
and Didenko and is based on their investigation of Mellin convolution
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operators. Using this technique, we have proved the existence and
uniqueness of the solution for the Laplace-Beltrami and bi-Laplace-
Beltrami equation in the non-classical setting.

One of the difficulties we encounter in considering BVPs on
hypersurfaces was the existence of a fundamental solution for the Laplace-
Beltrami and bi-Laplace-Beltrami operators on a hypersurface. An
essential difference between differential operators on hypersurfaces and

the Euclidean space IR" lies in the existence of fundamental solution: In

R" fundamental solution exists for all elliptic partial differential
operators with constant coefficients if it is not trivially zero. On a

hypersurface even Laplace-Beltrami A, : Hsp (S)—> Hsp_z (S) and bi-

Laplace-Beltrami Aé : Hs;z (S) > H‘:Z (S) operators have not a

fundamental solution because they have a non-trivial kernels (are not
inveritble), which consist of constants in all Bessel potential spaces.
Therefore we consider Laplace-Beltrami and bi-Laplace-Beltrami
operators in spaces with mean value zero (with detached constants)

Ap S L(S) > H(S)and AL H(S) > HYJ(S) for all
1< p<oandS € R and prove that they are invertible operators in such

settings. The established invertibility implies the existence of the certain
fundamental solution, which is interpreted as the inverse operator or the
Hoermander’s kernel of the inverse operator and can be used to introduce
the volume (Newtonian) and layer potentials.

Research methodology

The PhD Thesis is a theoretical nature, where it is considered the
existence and uniqueness of a solution for high-order partial differential
equations in both weak classical and non-classical setting on a
hypersurface. For the formulation of boundary value problems, we use the
Gunter’s derivatives and to solve the problems, we use Lax-Millgram
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Lemma in the weak classical setting and potential method in the non-
classical setting.

The advantage of the method based on the Gunter’s derivatives is a
simple formulation of the operator. In addition, Gunter’s derivatives allow
us to write easily the Green’s formulae for the BVP’s on a surface if have
given a fundamental solution. By using the Green’s formulae and the
Lemma about traces, we will prove the existence of a high order traces and
by using the Lax-Millgram lemma we will prove the existence and
uniqueness of the solution.

The potential method is a powerful tool for the investigation of
BVP’s: the solution is represented by the layer potentials, some of the
densities of which are given and the remainder is a solution of the
pseudodifferential equation. Such an approach is called the potential
method. It allows to reduce Boundary Value Problem to an equivalent
boundary integral equation, which is investigated thoroughly. This
enables us to draw conclusions about unique solvability of the initial BVP
and make conclusions about the properties of a solution.

Research Actuality

BVPs on hypersurfaces arise in a variety of situations and have many
practical applications. See, for example, W. Haack’s article about the heat
conduction by surfaces, R. Aris’s article about the equations of surface
flow, P.G. Ciarlet’s and L. Andersson & P.T. Chrusciel’s articles about the
vacuum Einstein equations describing gravitational fields, R. Temam & M.
Ziane’s about for the Navier-Stokes equations on spherical domains, T.
Buchukuri & R. Duduchava’s article on equations for shells derived by the
I'-convergence.

BVPs for Bi-Laplace-Beltrami operator A*> = AX A is a model of a
fourth-order operator. BVPs on hypersurfaces arise in a variety of practical
and engineering and have many practical applications. They emerge in
various problems of linear elasticity, for example when looking at small
displacements of a plate, whereas the Laplace equation describes the
behavior of a membrane.
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Research goals and objectives

Here we present the main results that represent the basic theorems
of the PhD dissertation. In the weak classical setting the following main
theorems are accepted:

Let C C S be a smooth subsurface of a closed hypersurface S in
the Euclidean space R" and I'=0C #O be its smooth boundary

OC=I" and is decomposed into two connected parts

oC=I=T,ul. Let 'Dj Zzaj —VJ-@V, j=1,...,n be G\'unter's
tangential derivatives, and A, (t,D) = Dlz +ee 4 Dnz be the laplace-

Beltrami operator to the hypersurface C .

Theorem 1: The ”anisotropic” Laplace-Beltrami equation with mixed
boundary conditions

div, (AV,u)(t) = f(t),  teC
u(s)=g(s), Iy
(vi(s), (AV, u)*(s)) =h(s), Ty

where A :{aij} is an NXN-%yg strictly positive definite matrix, in the
weak classical setting
-1 1/2 12
feH (C), geH¥™T), heH Y2
has a unique solution in the space W, (C) .

Let CC S be a smooth subsurface of a closed hypersurface S in
the Euclidean space R" and I'=0C# be its smooth boundary
oC=T". Let 'DJ- = 8j —Vjav, J=1...,n be G\'unter's tangential

26



LoLOBEOZOM 5dMEBYO0 30396 BYI3069dBY

n
derivatives, and A% = Z DJ-Z'DKZ be the bi-laplace-Beltrami operator to
jk=1
the hypersurface C .
Theorem 2: The bi-Laplace-Beltrami equation with boundary conditions

AZu(t) = f(t), teC
(0,u)(s)=g(s), I
0, Au) (s)=h(s), T

in the weak classical setting
ueH2(C), feHrC), geH'* ), heH¥*(I),

has a unique solution in the space Hi ).

Let C = S be a smooth subsurface of a closed hypersurface
S in the Euclidean space R" and its boundary OC =T =T, UT", #J

is decomposed into two connected parts.
Theorem 3: The bi-Laplace-Beltrami equation with mixed boundary

conditions

AZu(t) = f (1), teC
') =a,8), I
0, u)"(s)=g,(s), T,
(Acu)+(5) =h,(s), I
0, Au) (s)=h,(s), T,

in the weak classical setting

ueH?(C), feHr(C), g, eH**T)),
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g, e H"*([,), h eH(T,), h, e H*(T,).

has a unique solution in the space Hi ).

In the non-classical setting the following main theorems are
accepted:

Let S < R® be some smooth closed orientable surface, bordering a
compact inner Q*and and outer Q= R*\ Q" domain. By C we
denote a subsurface of S, which has two faces C and C"and inherits
the orientation from S : C” borders the inner domain Q" and C~ borders
the outer domain (2. C has the smooth boundary I":=0C, which is
decomposed into two closed parts I'=1", LI, each consisting of a

finite number of smooth non-intersecting arcs.
Consider the mixed boundary value problem for the Laplace-
Beltrami equation

Au)-u(t)=f@t), teC,
u'(r)=9(z), rely, 1)
@,u)(r)=h(z), rel,.

In the non-classical setting
s s-2 -1 5
ueW:,(C), feH, (C)nHo (C), geW; /" (I',),

heWSj’l’p(rN), 1< p<oo, S>i )
’ P

1 1
Theorem 4: Let 1< p<oo, —<S<1+—.The BVP (1) is Fredholm
Y Y

in the non-classical setting (2) if and only if
. 2 .
sinzg| ——s—1& [#1], telR
P
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or, equivalently,

The model mixed BVP (1) is uniquely solvable in the non-classical
setting (2) if and only if:

1 2 1
—=<s——<=
2 p 2
Theorem 5: Let conditon (2) holds, g, €W /P(I),

h, € W;flﬁl/p (') be some fixed extensions of the boundary data
ge W;v_#l/p (I';) and he Ws_l e (") respectively initially defined

on the parts of the boundary I'=1"5 UT"
a). Then a solution to the BVP (1) is represented by the formula

U(x) =N f (X) + W (9o + @) (X) = Vi (g +170)(x), xeC.

Here N ¢ Wr Q5 Vr are the Newton's, double and single layer

potentials and ¢, ¥/, are solutions to the following system of boundary

pseudodifferential equations

~0 Iy Wr,o(”o +Iy Vr,—ll//o =G, Iy,
1 3)
E‘//o + W ro¥o —hVra® =Hy T

r r-1
0, € Wpu(ly), woeWpu(lp),
Gy e W, ,(Ty), Hye W (),

where {F =S—1/ p}and Go and H o are functions given in
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terms of T, g, and ho .
b). Vice versa: if U is a solution to the BVP (1) in the setting (2), then
@o =TIy, (U"—g,) and ¥, = e, ((6,u)" —hy) are solutions to the

system (3).
c). The system of equations (3) has a unique pair of solutions

1/2
@, € Wy (I'y) in the classical setting for p=2, s=1.
Consider the BVP for the bi-Laplace-Beltrami Equation

Aut)-u)=f(t), tecC,
u'(s)=g(s), serl, 4)
(9,.U)"(s) =h(s), seTl.

in the following non-classical setting:
UM, (), e, (C)nHo (C), geH; " (),
heHZT;—l/P(F), 1< p<oo, 3>% )

Theorem 6: Let the condition (5) holds:

a). Then a solution to the BVP (4) is represented by the formula
u(x) =N, f(x)+ W9 (X) - VV(—l,F)h(X) + W(—z,r)(o(x) - W(—s,r)‘//(x)
ueHZ(0), xeC.

Here N, Wiy, J=-3,1 are the Newton's and layer potentials and

@ and Y are solutions to the following system of boundary

pseudodifferential equations
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{V(O—z,r)(P - V(O—s,r)‘// =G, I,

V(lfl,r)(o - V(lfz,r)‘// =H, r

peHps(I), weHps(T), GeH', (), HeH.:(T)

(6)

where r=s—-1/ p, G and H are functions given in
terms of T, g and h.

b). Vice versa: if U is a solution to the BVP (4) in the setting (5), then
@:=U", y:=(0,u)" are solutions to the system (6).

c¢). The system of equations (6) has a unique pair of solutions
312 12

peW () and yeW (I') in the classical setting for p =2 and

s=2.

Consider the model mixed BVP for the Helmholtz equation in an
angular domain

Au(t)-k2u(t)=f(t), teQ,,
u'(s)=g(s),  seR’, )
(9,.u)"(s) =h(s), seR ,
in the following non-classical setting

S §-2 -1 S— +
ueH;(Q,), fel, (Q,)NnHo (Q,), geH;"P(R),

heH™P(R,), 1<p<oo, 1osarsl 8)
p p
1 1
Theorem 7: Let o €(0,27), 1< p<o and —<S<1+—. The
p p

model mixed BVP (7) is Fredholm in the non-classical setting (8) if and
only if:

Sin272'[3—S—ifJ—COSZ(ﬂ'—a)(E—S—if]7&0
p p
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or, what is equivalent
2 1 3
a|S—— |#xt—xm,=t—7.
p 2 2

In particular, the BVP (7) has a unique solution for arbitrary 0 < & < 27
in the in the non-classical settings (8) if:

T 2 T
——<|{S—— | <—.
2 ( pj 2

1 1 o
Theorem 8: Let 1< p <00 and — <S<1+—.Let g, € W] Ur(r)
p p

and h, e W;’“”’(ra) be some fixed extensions of the boundary
conditions Q € W;fﬂp(Ra) and he W;flﬁl/p(RJr) initially defined

on the subsets R  and R* of T’ , only.
a). A solution to the BVP (7) is represented by the formula

u(x) =N f () + W (9o +@0)(X) = Vi (hy +1)(X), x€Q,, )

where @, and ¥/, are solutions to the following system of pseudodif-

ferential equations
1 +
5(00 (t) + rR‘rVAH(Z’,J_WO (t) = C;+ (t)' t € R
(10)
1
El//o(t)_rRaVMkz#l(/’o(t): H_(t) teR,,

s-1/p s-1-1/p

PpeW, (R7),  yeW, (R,),
G,:=r.G,e W;""(R"), H_=r, Hi e W;*"?(R)

s-1/p s-1-1/p

b). Vice versa: if the pair ¢, € Wy (R"), y, e W, (R,)) isa
solution to the system (10), then the function U(X) in (9) is a solution to

the BVP (7)and U™ =g, +¢,, (O,U)" =h,+y,.
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c). The system of boundary pseudodifferential equations (10) has a unique

12 12
pair  of  solutions @, eW (R)nH (R") and

Y _
W, W 12(Ra)(‘\H 1/2(Ra) in the classical setting p=2, S=1.

33



