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General description

The subject we discuss in this thesis is the main topic in Fourier
Analysis. Summability of various means of Fourier series with
respect to classical orthonormal systems of integrable functions has
a great history. The results obtained in this direction essentially
determine the problems in Function Theory and Harmonic
Analysis.

The classical theory of the Fourier series copes with a
decomposition of this function into sinusoidal waves. Not like these
continuous waves the Walsh functions are rectangular waves. The
growth of the theory of the Walsh-Fourier series has been strongly
makes an effect by the classical theory of the trigonometric series.
Therefore, it is impossible not to find a similarity between the
Walsh series to those on the trigonometric series. These theories
have much in common but the differences as well. A lot of these
can be cleared by modern abstract harmonic analysis, which
investigates orthonormal systems from the point of view of the
structure of a topological group.

Many excellent results have been proven in such new areas of
research as related to Wavelets Theory, Time-Frequency Analysis,
Abstract Harmonic Analysis, Fast Fourier Transform, Gabor
Theory, etc. These scientific achievements are important not only
for the development of these theories, but also for their applications
in mathematics, programming, and other fields such as the theory
of signal transmission, digital signal processing, image to improve
quality, multiplexing, filtering, coding theory and pattern
recognition.
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The purpose of my thesis is to investigate and increase the newest
results of this great theory that relates to modern harmonic analysis
and sing the obtained results in the study of various issues. In
particular, we investigate the boundedness of subsequences of
partial sums, N\"orlund logarithmic means and N\"orlund means
with respect to the Walsh system and their maximal operators and

restricted maximal operators on Hardy martingale H p spaces.

The thesis contains three chapters:
. Basic definitions and notations and auxiliary lemmas

. Martingale Hardy spaces and partial sums with respect to
the Walsh-Fourier series

. Martingale Hardy spaces and N\"orlund means with respect
to the Walsh-Fourier series

We now carry on separately to give detailed account the content of
each of the chapters.

In Chapter 1 we first talk about some basic definitions, notations of
Walsh (dyadic) group, Rademacher and Walsh system and basic
facts about partial sums with respect to the Walsh system,
N\"orlund logarithmic means and N\"orlund means that are
decisive for our further research. Moreover, we define Lebesgue

and me spaces and investigate the techniques that are very crucial
for our further research. The final section of this chapter is
dedicated to the theory of martingale Hardy spaces, where we state

important theorem about atomic decomposition of this spaces
when 0 < p <1 and several important examples of [ -atom which

helps us prove sharpness of our main results in the next sections.
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Chapter 2 is fully dedicated to investigating and proving the
boundedness of subsequences of partial sums with respect to the
Walsh system, their limited maximal operators and weighted
maximal operators on Hp spaces, for 0 < p<1. The case of
0 < p <1 is particularly interesting when we study both strong
(H,,L,) and weak (H L)) type inequalities for weighted
maximal operators with optimal weights. We also show the
sharpness of all our main results in this Chapter. Using proven

results, we obtain new results, but in concrete cases, we also get
some well-known results.

In Chapter 3 we investigate and show the boundedness of
subsequences of N\"orlund logarithmic means and their restricted
maximal operators on H p spaces. Next, we investigate more
general summability methods which are named N\"orlund means
in literature and prove similar results for this general methods. In
particular, we obtain several interesting results in this area. Since
Fej\'er means and Ces\'aro means are famous samples of N\"orlund
means some famous and new results are pointed out in these special
cases.

Novelty and uniqueness of the research
Let denote the discrete group Z, = {0,1} with the mod M,
addition as the group operation. Let G := yZ, . Then every X € G
k=0

can be represented by a sequence X=(Xi,ie|]) where
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X €Z, (i el ) The group operation on G is the coordinate-wise

addition.

For any natural number N €l can be uniquely expressed
as N= Zio n, 2 (ni € {0,1} Jdell ), where only a finite number

of N, differ from zero.
Set
|11| =max{j ell,n, =0}, <11> =min{;j ell,n, =0},

p(n)=|n[-[n]
and
\Y (n) =N, +Z|I’]k —nH|, forany Nell .
k=1
Moreover, for any natural numbers {nsj }i=12,...,r, satisfying

2°<n <n <..<n <2, sell,

we define numbers

s = min{[nSj ]} S, = max{

and
p,(n,)=s.-s. @2.1)

Moreover, if

2°<n, <2°%, j=l.r, sell,
which can be written as
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r. Sj
si &

k
n, = 2%,
i=1 K Sj

S; S; S; S; S S; S; S; S;
<’ <t <l —2<l! <t <..<I-2<1 -2<12 <t

we define

A = {|;J A5 |;}U{tf,t;,...,t;} - {uf,u;,...,u;},
where

Uy <u; <..<U’ ©d t:'J =se A, bosg j=12,...,T.

We also denote the cardinality of the set A, by | A |, that is
|A|=card (A)+1.

By this definition we can conclude that
A|=r}<r/+r7+1.

It is evident that

sup| A [< oo,

sell

if and only if the sets

{n%,nsz’...’ns}

r
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are uniformly finite for allS €l , and each ng has bounded

V (nsj ) variation, i.e. that
V(nsj)<C<oo,f0rall j=12,...,r.

The N generalized Rademacher functions on G are
defined by

r(x)=(-1)* (xeG nel).
The n® Walsh function is defined as
W, = H/‘:or/'j’(ﬂ ell )
The system W= (Wn ‘nel ) is called a Walsh system.
The norms (or quasi-norms) of the spaces L, (G) and

weak — L (G) are respectively defined by
1126 = J | 001" d )

and
I =5 A(x=G |1 (0]> ). ©O<p< ),

The partial sums of Walsh-Fourier series are defined as follows:

n-1

510511 (1) (v, ()

j=

where the number
f (j)::j f (X, (x)du(x)
G

is said to be the ] ™ Walsh-Fourier coefficient of the function f .

Let {qk 'k>0} be a sequence of nonnegative numbers.

The n -th Norlund means of Walsh-Fourier series of f is defined
by
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n n-1
ZLZQn—kSkf’ Q ::qu
Q, k=1 k=0

The maximal operators of Norlund means defined by:
t*f =suplt, f|.
nell
The Fejér means and their maximal operator with respect
to Walsh-Fourier series are defined as follows:

:%isjf, o f ::SUp|anf|.
j=1

nel

Let define Cesaro menas and their maximal operator as:

=_ZA1_1Sf A = (¢ +D)(ax+2).. (a+k)

0 Ay =0,

and

neN

The n -th Norlund logarithmic mean and their maximal operators
are defined by

-1

3
N
w

=
—
=]
x|

’ n—
nian-k k=1
and

L f ==sup|L, f|.

ne |

We say that sequence {bk, k> 0} is convex if
b +b . -2b >0, (nel).

We note that above menioned Fejer, Cesaro and Norlund
logarithmic means are generated with convex sequences.
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The o-algebra generated by the sets

I, (X) = {y eG:y= (XO,XI,...,anl,/VH,/VHH)}
is denoted by F (keN). Denote by f =(f,:nell) a one-
parameter martingale with respect to F, (k eN ) .

For 0 < p < oo, the Hardy martingale space consists of all

martingales for which

||f||Hp Z=Hf*HL < o0, where f*:SUpnej £,

The concept of modulus of continuity in
H, (G),(0< p<w) is defined by
@, o) (112 F)=|f =S, f|

Hp(G) |

Research methodology

According to the proposal aims and problems, methods of
real analysis combined with methods of abstract and non-linear
harmonic analysis together with the theory of approximation is
widely used. Other research methods include the theory of
function spaces and inequalities.

A function a is a p-atom, if there exists an interval |, such

that
Lm adu=0, |a] <u(l )_lp, supp(a)c .

Weisz gave us a description of the space H (G)
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Lemma 3.1: A martingale f :(fn,n el ) isin H 0 (G)
(0< p<)) if and only if there exist a sequence (ak kel ) of

P —atoms and a sequence ( My kel ) of real numbers such that,

for every nell,
p

> 4S8, ()=t 2l <. 3.1

k=0 k=0
- 1/p
Moreover, || f ” o) ~inf (Z| ﬂk|pj , where infimum is taken
: k=0

over all decomposition of f the form of (3.1).
Using this theorem we can conclude:

Lemma 3.2: Suppose that an operator U is sub-linear and for
some 0 < p<1

J. |Ua(X)|pd,u(X)SCp < 00,

(G\)
for every P-atom @, where | denotes the support of the atom.

If U isbounded from L, to L, then

Ufl, ) < o

H(G

Lemma 3.3: Suppose that an operator U is sub-linear and for
some 0 < p<1

sup AP u{te J:|Uf (t)|> A} <c, <=
>0

for every P -atom &, where J denotes the support of the atom.
If U isbounded from L, to L, then

il <, fl,,
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Moreover, if Py <1, then, forany f € Li(G),

y,u{XEGI uf (t)‘>y}£C||f||l, (V y>0).

Research Actuality
It is well known that the Walsh system does not form bases

in the space Ll(G) Moreover, there exists a martingale in the

Hardy space H 0 (Gm ), such that

SUP,.

‘SanLp(G) =, (0<p<l).

Tephnadze [14] proved, that foranyO< p<land f eH, (G).

the weighted maximal operator §*’V, defined by

S™Vf =sup S, :
e (n+1)"" g™ (n+1)

where [ p] denotes the integer part of P, is bounded from the

martingale Hardy H p(G) space to the Lebesgue space Lp (G).

Moreover, for any 0 < p <1, and any non-negative and non-

decreasing .1 , = function, satisfying the condition

1/p-1
Supne‘ & = 00,

Q)

there exist martingale feH 0 (G) , such that
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|S f
e,

= o0,

Tephnadze [13] proved that if f e H (G) (0 <p=< 1) and

a)Hp(G)(llzk,f)=o(1/(2k<”p-l)|og“’]k)), as Kk — oo,

then

©) —-0,n—>x

where [p] denotes integer part of P. Moreover, there exists a

martingale f € H | (0 <p< 1), for which
o(1.1/2)=0(1/(2"1og"k)), as n—eo

and S, f do not convergesto f in H p norm.

Weisz [15] proved that maximal operator of Fejér means
o" is bounded from H,,(G) to Ly,,(G). In Blahota, Gét and

Goginava [9] proved that, there exists a martingale f € H,, (G),
such that

Pon 0771, =
Tephnadze [11] proved, that foranyO< p<1/2 and f eH (G) ,

the weighted maximal operator O "V defined by

&*,Vf — SUp |O- f|
et (n+1)1/p 2| gZ[p+1/2](n+1)’

where [ p] denotes integer part of P, is bounded from the

martingale Hardy H p(G) space to the Lebesgue space Lp (G).
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Moreover, for any 0 < p <1, and any positive and non-decreasing
@:J, =L function, satisfying the condition
(n+1)""

SUpP,¢. . W = 0,

there exist martingale feH o (G) , such that

ner. @(N)

—= 00,

p
Tephnadze [12] proved thatif 0 < p<1/2 and
B0 (1124 1) =0(1/ (272 1og™ k), as k -0,

then

|o, f - f ||LP(G) -0, n—ow.
Moreover, there exists a martingale feH o (G ), such that
0y ) (11/2)=0(L/@¥"? log™™*n)), a5 n—co

and

lim|o, f -], © >¢>0.

N—o0
Goginava [8] proved that there exists a martingale f € H p» such
that the maximal operators of Norlund logarithmic mean are not

bounded in the space Lp. In particular, there exists a martingale

fe Hp, such that

L f

-
p
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Hardy type inequalities and boundedness of weighted maximal
operators of the I, means on the Hardy spaces and their

summability of some general methods were considered by
Blahota, Goginava, Gat, Memich, Nagy, Person, Tephnadze, Wall,
Weisz and in the works of other authors.

Research goals and objectives
In this section we state main results of my PhD thesis. For
the partial sums of the Walsh-Fourier series we in [4] proved that:

Theorem 4.1: Let 0< p<land feH, (G). Then the weighted
maximal operator S™V defined by

|f|

n)(1/p-1)’

SVt —sup (4.1)

is bounded from the martingale Hardy space H 0 (G) to the space
weak - L (G).

in [4] we also proved that Theorem 4.1 can not be improved in
general because it is sharp in some special senses:

Theorem 4.2: a) Let 0 < p <1 and S™" be defined by (4.1). Then

there exists a sequence {f,,nel} of P-atoms, such that
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SVt
sup P

ne ” fy ”Hp
b) Let O0< p<1. If ¢:00 —[1, ») is a nondecreasing function,
satisfying the condition

_ op(Wp-

im2 o,
K —00 ¢k

then there exists a sequence {fn ,nell } of P -atoms, such that

S fil

SUPy .-
kol

sup 22 = o0,
ne ” f, ”Hp

Theorem 4.1. implies the following result of Weisz:

Corollary 4.3: Let 0<p<1land feH, (G). Then the maximal
operator S™ defined by

S" f = skgp‘szk f‘

is bounded from the Hardy space Hp(G) to the Lebesgue space
weak — L, (G) (and, thus, to the Lebesgue space L, (G)).

Moreover, Theorems 1 and 2 imply the following results:

Corollary 4.4: Let 0< p<1and f €H (G).Then the maximal

operator s , defined by
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S f :=sup‘Smk f‘
ke
is bounded from the Hardy space Hp(G) to the Lebesgue space
weak — Lp (G) if and only if condition

sup p(m, ) <c <o
ke~

is fulfilled.

Our first main result reads:

In [5] we proved that

Theorem 4.6: Let 0< p<1, f e Hp(G) and

@), >0, be any nonnegative and nondecreasing function

satisfying the condition

1
Y <c<w. (4.2)
Then the weighted maximal operator S™V, defined by

S™Vf =sup 5, ]

net 9P NWPLey

is bounded from the Hardy space H, (G) to the Lebesgue space
L, (G).
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Theorem 4.6 can be of special interest even if we restrict to
subsequences.

Theorem 4.7: Let O<p<1, fe Hp(G), p:U, >0,
be any nonnegative and nondecreasing function satisfying the

condition (4.2) and {mk k> 0} be any sequence of positive

numbers. Then the weighted maximal operator S™Y, defined by

S*Vf=su Sn f‘
= p P

ken 5 (mk)(llp—l)%(mk) )

is bounded from the Hardy space H 0 (G) to the Lebesgue space
L,(G).

We also prove sharpness of Theorem 4.6:

Let 0< p<], {nk k> 0} be a sequence of positive numbers and

@:J, =L | be any nonnegative and nondecreasing function

satisfying the condition

Then there exists P -atoms &, , such that
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S, fil
S;‘jrpz”‘")“?i"‘k”%’
sup =
ke || fk”Hp

Theorem 4.6 and Theorem 4.7 imply the following sharp result:

Corollary 4.8:2) Let 0< p<1 and f €eH (G). Then the

weighted maximal operator S™V*, defined by

o S, f
STt =sup———— Sef] : 7o
ke' oP(K)Wp )(p(k)logl“p(k))

is bounded from the Hardy space H 0 (G) to the Lebesgue space
Lp (G), when ¢ >0 and is not bounded from the Hardy space
H p(G) to the Lebesgue space L, (G), when €=0.

In [2] we proved that

Theorem 4.9: Let 0< p<1, fe Hp(G) and {nk 'k 20}

be a sequence of positive numbers and let

{I’]si 1<i< r} < {n, :k >0} be numbers such that

2°<n. <n,_ <..<n, <2’ sell.

ST 0% S

Then the weighted maximal operator S™, defined by

N Sr, T
S™Vfi:=sup sup .

YN
sed Zsémsi <25+1 2ps(msi )(1/ pfl)
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is bounded from the Hardy space H 0 (G) to the Lebesgue space
L,(G).

In [2] we also proved sharpness of this result:

Theorem 4.10: Let 0< p<1, f e H, (G) and
{nk :k >0} be a sequence of positive numbers and let
{nsi 1<i< r} C {nk k> 0} be numbers such that

2°<n <n <.<n <27 sell,

Then for any nonnegative and nondecreasing function

ps(mg )@/ p-1)

sup,., Sup ————— =0,
ngmSi <25+1 ¢(msi )

there exists P -atoms f, such that

5. 1)
Sup L
2 <m <2+ ¢(msi)
sup P =0
se |,

In order to be able to compare with some other results in the
literature we also state the following:

Corollary 4.11: Let p>0 and f € Hp(G). Then the

restricted maximal operators S, , defined by
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S, f ::sup‘S f‘,
kel

PAR A

Both are bounded from the Hardy space H b (G) to the Lebesgue
space L, (G).

Corollary 4.12: Let 0<p<1land f € Hp(G). Then the

restricted maximal operator §i*’v, i =3,4, defined by
S f\
S*V g . ‘ 2k olk2]
S3 f= skgl? 2k(l/p—l)/2
and
ot auplzn |
4 = '

2
—k(1/ p-1
kel 23( p-1)

Both are bounded from the Hardy space H 0 (G) to the Lebesgue
space L, ©).

Now we consider case p =1.

In [1] we proved that

Theorem 4.13: a) Let f € H,. Then the weighted maximal

operator §*’V, defined by
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S~*'Vf::supE3—k—f—|
ke V(K)

is bounded from the Hardy space H; to the space L,

b) Let f € H,. Then the weighted maximal operator s,

(4.3)

defined by (4.3) is not bounded from the Hardy space H; to the

space L.

In [3] we proved that

Theorem 4.14: a) Let 0 < p <1. Then, for any nonnegative and

nondecreasing function ¢ :[J —[1, o) satisfying the condition

_ opla)py
ims— —o,
k—o0 goak

there exists a martingale f € H . (G), such that

f

A

Pes,

sup
kel

[

b) Let 0< p<1and {nk k> 0} is a sequence of positive

numbers and let
{mﬁlsiSr}c{m:kzo}

be numbers such that
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Then, for any nonnegative and nondecreasing function
@0 —>[1, ) satisfying the condition

2Ps(msi )(1/ p*l)
sup sup ——— =0,
sell 2°<mg <2°" (D(rnsi )

there exists a martingale feH . (G), such that the maximal

operator, defined by

5, |
sup sup ——
sell 2°<ng <2 (0(n5i)
is not bounded from the martingale Hardy space H (G) to the

Lebesgue space L, (G).

c)Let 0< p<1and {nk k> 0} is a sequence of positive

numbers. Then, for any nonnegative and nondecreasing function
@0 —>[1, =) satisfying the condition

=1
;@F -

there exists a martingale feH b (G), such that the maximal

operator, defined by

N s, f|
e 272 0 ()

is not bounded form the martingale Hardy space H b (G) to the

Lebesgue space Lp (G).
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Next we investigate boundedness Norlund logarithmic means in
the martingale Hardy H 0 (G) spaces:

Let 0 < p <1. Then there exists a martingale f € H o such that

= 0.
p.o

il

In [7] we proved that

Theorem 15: Let 0 < p <1. there exists a martingale f € H (G),
such that

= 00,
P,

sup|L, f],

Corollary 16: Let 0 < p <1.Then the maximal operator defined by

sup‘L2n f‘

nel

is not bounded form the martingale Hardy space H b (G) to the
space Lp’oo (G) ( Lp (G)).

Finally, we investigate boundedness Norlund means in the

martingale Hardy H p(G) spaces and In [6] we proved that:

Theorem 17: Let 0 < @ <1, f be any non-negative real number
and I, be N\"{o}rlund means with convex and non-increasing

sequence {qk kel } satisfying the condition

ql_(3/2)q3 > C
Q,  n“In’n’
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for some positive constant C. Then, forany 0< p <1/ (1+a)
there exists a martingale f € H p such that

= 00,

sup
nel Lp»C

t, f

Corollary 18: Let 0 < p <1/ (L+ «), where 0 < <0.56. Then,
foran0 < p <1/ (l+«) there exists a martingale f € H p such

that

supHo“k f H = o0.
kel 2 Lo

Corollary 19: Let 0< p <1/ (1+ ), where 0 < <0.56. Then

the maximal operator defined by

sup|os, f|
kell

is not bounded form the martingale Hardy space H (G) to the
space L, (G) ( L, (G)).
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